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Abstract This work studies large deflections of slen-
der, non-prismatic cantilever beams subjected to a combined
loading which consists of a non-uniformly distributed con-
tinuous load and a concentrated load at the free end of the
beam. The material of the cantilever is assumed to be non-
linearly elastic. Different nonlinear relations between stress
and strain in tensile and compressive domain are considered.
The accuracy of numerical solutions is evaluated by com-
paring them with results from previous studies and with a
laboratory experiment.

Keywords Large deflections · Non-prismatic beams · Com-
bined loading · Generalized Ludwick constitutive law · Ma-
terial and geometrical nonlinearity

1 Introduction

In many areas of modern engineering designers use slender
structural elements made from materials for which a nonlin-
early elastic model is a reasonable approximation. Therefore
the geometry and the composition of the elements often re-
quire nonlinear analysis of the given problem. There are a
number of contributions that can be found in the literature
on this topic. Those, closest to our interest are listed and
briefly discussed below.

For example, large deflections of a prismatic cantilever
beam made of Ludwick type material under a combined
loading consisting of a uniformly distributed load and a ver-
tical concentrated force at the free end have been studied
by Lee [1] and Eren [2]. Baykara et al. [3] investigated the
effect of bimodulus material behavior on the horizontal and
vertical deflections of the free end of a thin cantilever beam
which is subjected to an end moment. Brojan [4] analyzed
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bending of non-prismatic beams made of Ludwick type ma-
terial with different stress–strain relationships in tension and
compression. An analytical solution in terms of infinite se-
ries was found for the case when the nonlinear stress–strain
relationship in tensile and compressive domain is identical.
A similar problem was examined by Shatnawi and Al-Sadder
in Ref. [5]. Recently a generalized version of Ludwick’s
rheological model has been suggested to improve the non-
physical behavior of the classical Ludwick type material at
small strains in a study done by Jung and Kang [6] and dis-
cussed by Brojan et al. in Ref. [7]

A more comprehensive list of publications on some
other configurations of nonlinearly elastic planar beams can
be found in Ref. [7]. The same article includes a useful com-
parison between Hooke’s, Ludwick’s and generalized Lud-
wick’s model, i.e. the models which can be relatively easily
and effectively used in engineering practices.

The main focus of this paper is on the examination of
large deflections of non-prismatic, nonlinearly elastic can-
tilever beams subjected to a combined loading which con-
sists of a non-uniformly distributed continuous load and a
concentrated load at the free end.

2 Formulation of the problem

A slender, non-prismatic cantilever beam subjected to a non-
uniformly distributed continuous load and a concentrated
load at the free end of the beam is considered in this study.
The origin of the Cartesian (x, y) coordinate system is placed
at the clamped end and the x-axis coincides with the lon-
gitudinal axis of the undeformed beam. The length of the
longitudinal axis of the initially straight cantilever is L.

Variable s, 0 � s � L, Fig. 1, denotes a curvilinear coor-
dinate along the neutral axis measured from the fixed end of
the beam and θ(s) represents the angle between the positive
direction of the x-axis and the tangent to the neutral axis at
point s. The beam has a rectangular cross-section of variable
width o(s) and variable height h(s), which are defined by the
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following equations

o(s) = oe

(
1 − a

L
s + a

)p
, h(s) = he

(
1 − b

L
s + b

)r
, (1)

where a, b, p, r are given shape coefficients and oe, he indi-
cate the width and height of the beam at the free end. The
distributed load is described with a similar function

q(s) = qe

(
1 − c

L
s + c

)t
. (2)

Fig. 1 Non-prismatic cantilever beam subjected to a combined
loading

The beam is composed of a nonlinearly elastic material
with a different material behavior in tensile and compressive
domain.

A relatively simple expression which is frequently used
to describe nonlinear material properties is represented by
the Ludwick’s law, σ(ε) = sign(ε)E|ε|1/k, where elements
σ, ε, E and k are stress, strain, and two material constants,
respectively. This expression, although mathematically com-
pliant, demonstrates a non-physical behavior of the material
when ε → 0, which makes it unsuitable for linearization at
small strains. Jung and Kang [6] therefore suggested an im-
provement of this formula, a generalized Ludwick’s law in
which an additional material parameter is used. This partic-
ular material model is also utilized in the present study, so
that

σ(ε) =

{
ET((ε + ε0T)1/n − ε1/n

0T ), for ε ≥ 0,
−EC((|ε| + ε0C)1/m − ε1/m

0C ), for ε < 0.
(3)

Many real materials with nonlinear properties can be de-
scribed by this model, e.g. natural rubber in the domain
of smaller strain where elastic component is dominant com-
pared to viscous component.

Along with assumptions stated above we also impose
that the material is incompressible; that shear stresses in the
beam are negligible in comparison with normal stresses be-
cause the length-height ratio of the beam is large; that cross-
sections which are perpendicular to the neutral axis before
deformation, remain plain and perpendicular to the neutral
axis in the deformed state of the beam and do not change
their shape and area.

3 Governing equations

According to Fig. 1, equations of static equilibrium of inter-
nal forces in the direction of the Cartesian coordinates give

Fx(s) = 0,

Fy(s) =
∫ L

s
q(σ)dσ + P.

(4)

Furthermore, from equilibrium of an infinitesimal ele-
ment of the deflected beam, cf. Fig. 2, geometrical relation
cos θ(s) = dx/ds and Eq. (4), we can deduce

M′(s) + Fy(s) cos θ(s) = 0, (5)

where “ ′ ” denotes differentiation with respect to variable s.

Fig. 2 An infinitesimal element of the deflected beam

Given that the cross-section, the model of deformation
of the beam and the stress–strain function of the material
are defined we can formulate an expression linking the in-
ner bending moment to the curvature of the neutral axis.

Figure 3 shows an infinitesimal element of the beam in
the deformed state and the nonlinear distribution of normal
stress over the cross-section. The normal strain is given by
expression ε = ρ(s)−1z, where ρ(s) is the radius of curvature
of the neutral axis, and ρ(s)−1 = θ′(s).

The inner bending moment acting on an arbitrary cross-
section of the beam can be expressed with normal stress as
M(s) =

∫
A
σzdA. By considering the relation between stress

and strain equation (3) and the normal strain-curvature ex-
pression mentioned above, we can derive

M(s) = ETo(s)

[
(θ(s)hT(s) + ε0T)1+1/n

× n(1 + n)θ(s)hT(s) − ε0Tn2

(1 + 2n)(1 + n)θ(s)2

+
ε2+1/n

0T n2

(1 + n)(1 + 2n)θ(s)2
− ε

1/n
0T hT(s)2

2

]

+ ECo(s)

[
(θ(s)hC(s) + ε0C)1+1/m

× m(1 + m)θ(s)hC(s) − ε0Cm2

(1 + 2m)(1 + m)θ(s)2

+
ε2+1/m

0C m2

(1 + m)(1 + 2m)θ(s)2
− ε

1/m
0C hC(s)2

2

]
. (6)
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Fig. 3 Deformation and normal stresses on a cross-section of the deformed beam

Since the stress–strain relation is different in tension and
compression, the neutral axis does not coincide with the cen-
troidal axis. As the beam deflects the component normal to
the beam’s cross section of the Fy force becomes more im-
portant. Large axial stresses are induced along the beam and
the moment’s arm along the beam is reduced significantly
when the applied end load becomes very large. But the in-
fluence of the inner axial force on the deformation of slender
beams can readily be neglected as shown for our case in the
Appendix. Values of hT(s) and hC(s), see Fig. 3, can there-
fore be determined by considering that the deformation of the
beam is caused only by the inner bending moment. It then
follows that the resultant in terms of force of normal stresses
in any cross-section equals zero, i.e. N(s) =

∫
A
σdA = 0,

from which we can find

ET

{
n

1 + n
θ(s)−1[(θ(s)hT(s) + ε0T)(1+n)/n − ε(1+n)/n

0T ]

−ε1/n
0T hT(s)

}

= EC

{
m

1 + m
θ(s)−1[(θ(s)hC(s) + ε0C)(1+m)/m − ε(1+m)/m

0C ]

− ε1/m
0C hC(s)

}
. (7)

It can be noted from Fig. 3 that

hT(s) + hC(s) = h(s). (8)

Finally by using Eqs. (5) and (6), the governing differen-
tial equation of the problem can be deduced in the following
form

{
ETn

[
nε0TβT(1 + 1/n)
(1 + n)(1 + 2n)

+
hT(s)αT(s)1+1/n

1 + 2n
θ′(s)

−ε
1/n
0T hT(s)2

2n
θ′(s)2

]
+ ECm

[
mε0CβC(1 + 1/m)
(1 + m)(1 + 2m)

+
hC(s)αC(s)1+1/m

1 + 2m
θ′(s) − ε

1/m
0C hC(s)2

2m
θ′(s)2

]}
o′(s)
θ′(s)2

−
{

ET

1 + 2n

[
2n2ε2

0TβT(1/n)

1 + n
+

2nε0ThT(s)αT(s)1/n

1 + n
θ′(s)

−hT(s)2αT(s)1/nθ′(s)2

]
+

EC

1 + 2m

×
[
2m2ε2

0CβC(1/m)

1 + m
+

2mε0ChC(s)αC(s)1/m

1 + m
θ′(s)

−hC(s)2αC(s)1/mθ′(s)2

]}
o(s)
θ′′(s)
θ′(s)3

−[ETβT(1/n)hT(s)h′T(s) + ECβC(1/m)hC(s)h′C(s)]o(s)

+Fy cos θ(s) = 0,

(9)

where two auxiliary functions have been introduced,

α (s) = ε0 + h (s) θ′ (s) ,

β (p) = εp
0 − αp.

(10)

Expressions for the derivatives of the functions hT and
hC in the above differential equation can be obtained from
Eqs. (7) and (8). The geometry of the problem discussed in
this article also requires

θ(s = 0) = 0,

θ′(s = L) = 0.
(11)
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4 Numerical solutions

The solution of the system of differential equations (7)–
(11) is found by using a Runge–Kutta–Nyström integration
method and implicitly applying the Newton-Raphson iter-
ative method to solve Eq. (7). The value of the unknown
function θ′ at s = 0, is found by employing a one-parameter
shooting method. After obtaining the numerical solution for
θ(s), the Cartesian coordinates of the points along neutral
axis can be determined from the geometrical relations which
follow from Fig. 2, i.e. sin θ(s) = dy/ds, cos θ(s) = dx/ds,
or, respectively, x(s) =

∫ s

0
cos θ(t)dt, y(s) =

∫ s

0
sin θ(t)dt,

together with boundary conditions x(s = 0) = 0 and y(s =

0) = 0.
Two examples with the same configuration and mate-

rial constants but different shape coefficients are presented
to illustrate the influence of the profile of the beam on the
deflected shape of the neutral axis. Material parameters, ge-
ometrical properties and load parameters for Examples 1 and
2 are given in Tables 1 and 2, respectively.

Table 1 Material parameters

ET/MPa EC/MPa n m ε0T ε0C

1.73 5.32 1.619 1.213 0.001 0.001

Table 2 Geometrical properties and load parameters for Examples 1 and 2

# o/mm L/mm he/mm a r q0/(N ·mm−1) b t

1 39.3 180.0 9.8 2.0 2.0 8.347 × 10−2 2.0 1.0

2 39.3 180.0 9.8 0.11 0.5 4.174 × 10−3 0.5 4.0

In the first example a narrowing profile of the cantilever
is considered while the continuous load is chosen to be of a
trapezoidal shape. As a result of the much larger rigidity of
the beam near the fixed end than at the free end, while angle
θ at the free end reaches values close to π/2, which is the
maximum we can achieve at given load directions, the cur-
vature of the beam at the fixed end remains relatively small,
cf. Fig. 4. Also as a consequence of the variableness of the
height of the cross section, the location of the largest curva-
ture does not coincide with the location of the largest inner
bending moment, which is at the fixed end.

Fig. 4 Deflections of the neutral axis for Example 1

In Example 2 a widening profile of the cantilever is con-
sidered while the configuration of the continuous load is non-
linear and increasing from the fixed to the free end. Figure
5 shows characteristically different deflected profiles com-
pared with those in Example 1. All the relevant deforma-
tion of the beam seems to be concentrated near the fixed end
while the rest of the beam remains practically straight. The

maximum curvature of the beam is in this case clearly lo-
cated at the fixed end since both the thinnest cross section
and the largest bending moment are situated at this point.

Fig. 5 Deflections of the neutral axis for Example 2

5 Experiment

The experiment was carried out on a prismatic beam sub-
jected to gravitation, i.e. self weight which represents a uni-
form continuous load, and a vertical force at the free end, see
Fig. 6.

A special type of vulcanized rubber which has a rela-
tively small viscous component at smaller strain (obtained
from Savatech d.o.o. rubber company) was chosen to be the
material of the beam. During the experiment the positions
of several selected points on the upper surface of the beam,
Fig. 6, were being measured while different weights were
being applied at the free end of the beam, Fig. 7.
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Fig. 6 Experimental configuration of the beam

Fig. 7 Measurement of deflections of the beam

The results of these measurements can be found in Ta-
ble 3. Geometrical properties together with the loads on the
experimental configuration of the beam are listed in Table 4.

The experimental results and the results obtained using
the method of solution presented above can not be directly
compared since the positions of selected experimental points
are not located on the neutral axis. To determine the dis-
placement of points on the upper surface of the beam, the
following geometrical relations have to be considered

yu(s) = y(s) − hT(s) cos (θ(s)) ,

xu(s) = x(s) + hT(s) sin (θ(s)) .
(12)

Table 3 Results of the measurements of deflections

Point 1 Point 2 Point 3 Point 4
# P/N

xu/mm yu/mm xu/mm yu/mm xu/mm yu/mm xu/mm yu/mm

1 0.000 0 179 16 139 12 99 8 60 4

2 0.196 2 176 27 138 20 99 12 60 6

3 0.490 5 173 49 135 34 98 21 59 10

4 0.686 7 168 63 133 45 97 27 59 12

5 0.981 0 160 80 127 58 95 35 58 16

6 1.471 5 147 103 119 73 90 45 58 20

7 1.962 0 135 115 112 84 86 53 57 24

8 2.943 0 118 134 98 99 78 64 54 30

9 3.924 0 103 143 90 108 73 70 53 34

10 4.905 0 91 152 82 114 67 76 50 38

Table 4 Geometrical properties and load parameters for the experimental configuration of the beam

o/m L/mm he/mm a r qe/(N ·mm−1) b t

39.3 180.0 9.8 1.0 0.0 4.174 × 10−3 1.0 0.0

# 1 2 3 4 5 6 7 8 9 10

P/N 0.000 0 0.196 2 0.490 5 0.686 7 0.981 0 1.471 5 1.962 0 2.943 0 3.9240 4.9050

The stress–strain curve of the material of the beam used

in the calculations was measured using a Zwick/Roell Z050

testing machine. Mechanical tests were carried out at tem-

perature 24 ◦C, approx. 55 % air humidity and at deforma-

tion rate of 25 mm/min. The accuracy of the testing ma-

chine was 0.4 % for the force measurements and 0.02 %

for measurement of the displacement. Standard sized and

shaped specimens were used in compressive and tensile tests,

Fig. 8. The specimens were subjected to cyclic loading to

about 40 % strain until the material reached a steady-state re-
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sponse, which was approx. after 5 cycles. Although it is well
known that mechanical behavior of rubber is generally time-
dependent, this characteristic is neglected and only a steady-
state response is taken into account. Therefore, the instanta-
neous response of the beam is considered which means that
measurements of the beam’s deflections, see Table 3, had to
be taken in the first 10–20 s of the loading. In time deflec-
tions increased as expected. The results of measurements
of the material properties are depicted in Fig. 8 where non-
linear behavior is evident in both tensile and compressive
domain. The largest strain obtained from the numerical so-
lution of experimental cases is approximately 0.16 in tension
and 0.12 in compression and in both cases it remains within
the region where a satisfactory approximation of the exper-
imental stress–strain curve is achieved. Material constants,
presented in Table 1, of the generalized Ludwick rheological
law were determined from the experimental data by the least
square method.

Fig. 8 Experimental and theoretical stress–strain curves

In Fig. 9 experimental and numerical results for the case
of approximating the stress–strain curve with the general-
ized Ludwick law are shown. In this case a good agreement
between numerical and experimental results is found. As ex-
pected from the measurements of the stress–strain curve of
the material, good results are achieved by considering differ-
ent stress–strain relation of the material in tension and com-
pression and using an adequate rheological model. Slightly
less accurate results which are not presented in this study
were also obtained by using the classical Ludwick law. In
addition, the results obtained by simplifying our model to
the model set up by Lee [1] and Eren [2] are in perfect agree-
ment.

As already mentioned in the introduction, although Lud-
wick’s model is mathematically compliant, it demonstrates
a non-physical behavior of the material when ε → 0, which
makes it unsuitable for linearization at small strains. On the
other hand, the generalized Ludwick law can be linearized
at small strains. Namely, from data in Table 1 and formula
(7) from Ref. [7], i.e. EH = k−1ε(1−k)/k

0 E, one can calculate
elastic moduli of the Hooke’s law for tensile and compressive

Fig. 9 Experimental and numerical results—–generalized Lud-
wick’s law

response of the material, Etensile = 14.990 N/mm2 and
Ecompressive = 14.752 N/mm2. As expected, linear approxi-
mation at small strains shows considerably good agreement
between experiment and calculations only for small loads,
Fig. 10.

Fig. 10 Experimental and numerical results—–Hooke’s law

6 Conclusions

In the presented study large deflections of non-prismatic can-
tilever beams subjected to a combined loading which con-
sists of a non-uniformly distributed continuous load and a
concentrated load at the free end are discussed. Both ge-
ometrical and material nonlinearities are involved in this
problem since the material of the cantilever is assumed to
be nonlinearly elastic. A three-parametric generalized Lud-
wick law is used to describe the nonlinear stress–strain rela-
tionship of the material and an exact moment-curvature for-
mula is derived for beams made from materials with differ-
ent stress–strain relations in tension and compression obey-
ing the quoted rheological law. The presented governing dif-
ferential Eq. (9) is not bound to any specific loading condi-
tions, therefore it can be applied to arbitrary loaded beams
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with rectangular cross-sections. Furthermore, the general-
ized Ludwick law also includes the description of the behav-
ior of both the classical Ludwick’s and the Hooke’s material;
thus the same differential equation can also be employed for
cases when Ludwick’s and Hooke’s elastic materials are uti-
lized.

In this work a Runge–Kutta–Nyström integration meth-
od is used along with other numerical methods mentioned in
the text to find the equilibrium states for the considered con-
figurations of the beam. Several examples were chosen to
illustrate the influence of the beam’s geometry, loading con-
ditions, and constitutive law of the material on the deflections
of the beam.

In the last part of our calculations the validity of the re-
sults of the proposed solution method is verified by an ex-
periment for a particular configuration of the beam found in
Refs. [1, 2]. The experiment was carried out on a prismatic
shaped beam made from a special type of vulcanized rubber
which has a relatively small viscous component at smaller
strains. The measured stress–strain curve of the material,
which clearly indicates nonlinear behavior in both tensile
and compressive domain, is modeled with the generalized
Ludwick rheological model.

An excellent agreement between experimental and nu-
merical results is obtained, indicating that the presented so-
lution procedure is suitable for analysis of nonlinearly elastic
slender beams. A linearized version of our model was tested
too. As expected, it showed somewhat good agreement be-
tween experiment and calculations only for small loads.

Slightly less accurate results which are not presented in
this study have also been obtained using the classical Lud-
wick law. Again, different nonlinear response of the material
in tensile and compressive mode had to be considered; if not
the numerical and experimental results would differ signifi-
cantly.

Appendix

In this section of the paper we investigate the effect of the
inner axial force on beam’s deformation. Let us consider
an extreme case and assume that the beam is subjected to a
tensile axial load alone, cf. Fig. A1. The largest value of P is

Fig. A1 Beam subjected to an axial tensile load

taken into account, which is used in our experiment and an-
other extreme consideration, in which the entire beam’s mass
is concentrated at the end point.

From the following formulas, geometrical, material and
load parameters, listed in Tables 1 and 4, one can calculate
tensile stress

σT =
FT

A
=

P + q0L
ohe

=
4.905 + 4.174 × 0.180

39.3 × 9.8
.
=0.015 MPa (A1)

and, with the help of Eq. (3) tensile strain

ε =E−n
T

(
σT + ETε

1/n
0,T

)n − ε1/n
0,T

=1.73−1.619
(
0.014 69 + 1.73 × 0.0011/1.619

)1.619 − 0.001

.
=0.00115. (A2)

Relatively small axial stress and strain values are obtained
as noticed in Eqs. (A1) and (A2) even for the chosen ex-
treme case. This strongly suggests that the influence of the
inner axial force on deformation can in our case readily be
neglected in comparison to the inner bending moment which
dominates (εT = 0.16 and εC = 0.12) because of the geome-
try of the problem – slenderness of the beam.
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