Biaxial Constrained Recovery in Shape Memory Alloy Rings
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ABSTRACT: In this article biaxial constrained recovery in a thick-walled shape memory alloy
(SMA) ring with a rectangular cross-section is modeled using the theory of generalized
plasticity, which is developed by Jacob Lubliner and Ferdinando Auricchio. As a mechanical
obstacle that delays free recovery in a SMA ring, a steel ring is used. The result of constrained
recovery is the generation of high stresses in both the rings. All equations are written in
a closed form in terms of infinite series. Theoretical results are compared with experimental
findings and good agreement is found when SMA rings are in the domain of recoverable

strains.
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INTRODUCTION

MART materials are receiving great attention

nowadays, mainly for their possible innovative use
in practical applications. One example of such materials
is the family of shape memory alloys (SMA), which have
an intrinsic capacity to return to a previously defined
shape by increasing the metal’s temperature. This effect
arises from reversible and usually rate-independent
martensitic transformation and resulting changes of
crystal structure of the solid phases of the material.
A low-temperature phase is called martensite and a high
one is austenite. Large residual strains of even 10% can
be recovered in this way and the process is often referred
as free recovery. The return to the original shape begins
at a temperature called austenite start transformation
temperature Ag, and completes at the austenite finish
transformation temperature Ay If the free recovery is
hampered by an external obstacle before temperature
Ay 1s reached, the process is called constrained recovery
and large stresses, up to 800 MPa, can be generated in
SMA elements. This property makes SMA ideally suited
for use as fasteners, seals, connectors, and clamps
(Kapgan and Melton, 1990; Otsuka and Wayman,
1999). On the other hand, if the SMA is cooled from
the fully austenitic phase, it starts to transform back to
martensite at a temperature called martensite start
transformation temperature Mg, and ends at
the martensite finish transformation temperature M.
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The structure obtained in this way is often called the
multi-variant martensite. Besides the martensitic trans-
formations associated with the thermal regime, they can
be triggered by mechanical loading and the martensite
obtained in this way is then called the stress-induced or
oriented martensite. The process of constrained recovery
is possible only if the structure of SMA is stress-induced
or oriented martensite. Another important property of
SMA is its superelastic effect. At constant high
temperature, above temperature A4y, a mechanical
loading—unloading cycle induces highly nonlinear large
deformations. At the end of the loading—unloading cycle
no permanent deformations are present. The cycle
usually presents a hysteresis loop.

Shape memory alloys have been studied experimen-
tally for the last four decades and numerous constitutive
models have been proposed over the last 20 years.
The existing models follow either a macroscopic
phenomenological or a micromechanical approach.
Uniaxial phenomenological models are suitable for
engineering practice, because they make use of measur-
able quantities as parameters and are often relatively
simple (see, for example, Tanaka, 1986; Liang and
Rogers, 1990; Brinson, 1993; Ivshin and Pence, 1994;
Auricchio and Lubliner, 1997). Many efforts have been
made to extend these models to three dimensions, but it
is difficult to evaluate the performance of three-
dimensional phenomenological models due to the lack
of experimental data for multiaxial response of SMAs.
Three-dimensional phenomenological models have been
developed in the form of plasticity models with an
internal variable such as the mass fraction of martensite
& (see, Auricchio, 1995; Boyd and Lagoudas, 1996a,b;
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Leclercq and Lexcellent, 1996; Lubliner and Auricchio,
1996; Panoskaltsis et al., 2004; Lagoudas et al., 2006)
and most have been compared only to uniaxial
experimental data. The researchers following a micro-
mechanics approach (Kafka, 1994; Tokuda et al., 1998;
Huang et al.,, 2000; Thamburaja and Anand, 2001;
Novak and Sittner, 2004; Zhu and Liew, 2004;
Lagoudas et al., 2006; Patoor et al., 2006) tried to
follow very closely the crystallographic phenomena
within the material, using thermodynamics laws to
describe the transformation. In general, these models
are more complicated than the phenomenological
models and much more computationally demanding.
An interesting result of combining the phenomenologi-
cal and micromechanical approach is a microplane
model for SMA (Brocca et al., 2002). While in the usual
phenomenological models the constitutive laws are
expressed in terms of stress and strain, in a microplane
model the macroscopic material behavior is obtained by
describing the material response along several planes of
different crystallographic orientations, called the micro-
planes. To the authors’ judgment, the phenomenological
model of generalized plasticity (Auricchio, 1995;
Lubliner and Auricchio, 1996; Auricchio and Lubliner
1997; Panoskaltsis et al., 2004) is well suited for the
modeling of biaxial constrained recovery in SMA rings
since it is in good agreement with the experimental
results and allows the solution, under some simplifica-
tions adopted, in a closed form. It is based on some
fundamental axioms and on the results from elementary
set theory and topology.

The principal aim of the present study is to develop
a mathematical model of the biaxial or plane con-
strained recovery in SMA rings, using the generalized
plasticity theory. Available publications on the process
of constrained recovery are mostly limited only to
uniaxial examples (Edwards et al., 1975; Mohamed,
1978; Furuya et al., 1988; Madangopal et al., 1988;
Liang and Rogers, 1990; Proft and Duerig, 1990;
Brinson, 1993; Stalmans et al., 1995, 1997; Leclercq
and Lexcellent, 1996; Sittner et al., 2000; Tsoi et al.,
2002; Kato et al., 2004; Novak and Sittner, 2004; Kosel
and Videnic, 2007) which is unusual because some of the
most successful applications of the SMA to date are tube
couplings (Borden, 1990; Kapgan and Melton, 1990).
Recently, two articles have been published where SMA
rings were constrained to recover in axial direction so
that a uniaxial model can be used (Ghorashi and Inman,
2004; Hesse et al., 2004). To the authors’ knowledge,
a mathematical model of plane constrained recovery in
SMA rings is still missing. Some efforts were made to
develop a model of constrained recovery in SMA rings
(Nagaya and Hirata, 1992) but, again, it is uniaxial in
nature since radial stresses are neglected and only
circular stresses are taken into account. This simplifica-
tion is valid only in the case of thin-walled SMA rings.

In this study, a ring made of an ordinary steel material
is used as a mechanical obstacle which delays free
recovery in an SMA ring. The data for the commercial
NiygTisgNbi4, SMA ring and the steel ring are fed into
the mathematical model in order to generate the
system’s response. Theoretical results are compared
with experimental findings, for this purpose six com-
mercial SMA rings were subjected to constrained
recovery and one SMA ring was heated without a
mechanical obstacle (free recovery) in order to get the
data for four parameters o, Ay, m, and n which are
needed in the mathematical model.

GENERALIZED PLASTICITY IN SHAPE
MEMORY MATERIALS

Generalized plasticity is an internal-variable model of
rate-independent inelasticity that includes classical
plasticity as a special case and was developed in order
to model the behavior of elastic-plastic solids in which,
following initial plastic loading and elastic unloading,
the reloading is not necessarily elastic up to the state at
which unloading began. Such solids include graphite,
some stainless steels, some rocks, and also SMA.
Application of generalized plasticity to the multiaxial
behavior of SMAs can be found in Auricchio (1995) and
Lubliner and Auricchio (1996), and is presented here
only briefly.

Four functions bounded by two bands of straight
lines in the effective stress o.-temperature 7' plane are
introduced:

Fi = 0. — C(T— M) (1)
Fy = 0. — C(T — Ms) )
Fy =00 — C(T — As) (3)
Fy =0, — C(T— 4y) @)

where C is the stress rate and is almost the same in both
phase transformations (austenite — martensite and
martensite — austenite). The loading surfaces are
given by:

F=o0.— CT = const. &)

The geometry of the regions is shown in Figure 1. In a
two-phase system, it can be assumed that the only internal
variable is the fraction of mass occupied by one of the
phases. In SMA models this variable is usually the mass
fraction of martensite &, with £ =0 denoting all austenite
and £ =1 all martensite. A single internal variable model
is suitable for modeling constrained recovery since there
is no conversion between martensite variants.

In crystalline solids, the elastic part of strain tensor ef} is
insensitive to irreversible processes and its dependence on
the internal variable & can be neglected (Lubliner, 1972):

gy = €5(0: T) + £ (8) (6)

i
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Figure 1. Inelastic domains for austenite to martensite and
martensite to austenite transformations.

where ei-;l is the inelastic strain tensor and can be in the
case of radial or proportional loading calculated from:

- oF
iel — (7)

o oy

where A is a scalar and F'is the inelastic potential defined
by Equation (5). Scalar X is a function of the internal
variable &:

A =xImé (®)

where Ay is a constant which must be determined
experimentally. In the case of uniaxial loading,
Equation (8) becomes &' =¢gy&, where constant ey is
the maximum inelastic strain, attained when the solid is
all martensite, and disappears when heated above A¢. It
can be measured by uniaxial tensile experiments.
Generally, constant A,y has to be measured during
multiaxial loading and its determination is not as simple
as in the uniaxial case.

In the inelastic potential (5) effective stress o, should
be defined. In the case of constrained recovery in a SMA
ring only two components of a stress tensor are not
equal to zero: normal radial stress o, and normal
circular stress o,,. If o,> 0 and o, <0, the effective stress
can be defined in the next form:

0. =0y — 0p + a(or + a(,,) 9)

where o is the measure of unequal response in tension
and compression and should be determined experimen-
tally. The special case a=0 corresponds to equal
response; the inelastic potential F is then of Tresca
type. The choice of effective stress in the form (9) allows
constrained recovery in an SMA ring to be solved in a
closed form. If the inelastic potential would be chosen in
a Drucker—Prager form (Lubliner and Auricchio, 1996),
the numerical methods should be used and solution in a
closed form is not possible.

In the region where phase transformation from
martensite to austenite may take place a stress decrease
at constant temperature, a temperature increase at
constant stress, or a proper combination of these actions

should occur. The conditions for phase transformation
can be mathematically written as:

F3<0, F;>0= F3Fy;<0and F<0.  (10)

The linear flow rule for & can be written in the form
(Auricchio, 1995):
: —F3Fy) (—F
£= _gﬂu (11)
|[F3Fy|  Fy
where (-) is the Macaulay bracket, that is
(x) =(x+1x])/2. Flow rule (11) can be integrated in
closed form, and assuming initial condition &=§, at
F3=0 the solution is:

0. — C(T' — Ay)

= 12
§=4& Cdr — As) (12)
Since constrained recovery in SMA rings will be dealt

with, Equation (12) can be rewritten as:

oe(r; T) — C(T — Ap)

6 1) =80 ™ 5

(13)

where r is the radius of the SMA ring.

MODELING OF CONSTRAINED RECOVERY
IN SMA RING

The entire process of constrained recovery can be
represented in six steps: (1) An SMA ring is cooled from
austenite to multi-variant martensite at zero stress.
(2) The SMA ring is widened in a martensitic region
(stress-induced or oriented martensite) at a constant
temperature. (3) The SMA ring and ordinary steel ring
are then heated, and until temperature Ag is reached
both elements extend. (4) At temperature 4s the SMA
ring starts to contract, while the ordinary ring still
extends until at temperature 7¢ both elements touch
each other and the process of constrained recovery in the
SMA ring begins. (5) Above temperature 7, retrans-
formation to austenite is constrained and continues until
temperature Tsg at which the retransformation in the
SMA ring is completed. The stresses in the SMA ring
increase, therefore temperature Tgg is considerably
higher than A¢. (6) Both rings are cooled down to the
end temperature T.,4, Which can be equal to the ambient
temperature 7Ty, and are still in contact. Since tempera-
ture Mg(o.) is lower than T, the transformation from
austenite to martensite and consequently relaxation of
stresses in the SMA ring does not begin.

The first two steps will not be dealt with in this study,
since commercial NiggTiz;gNb;y SMA rings in the
widened ‘ready to use’ martensitic state are
available from Intrinsic Devices Inc. The geometry
of both rings in different temperature regions is shown
in Figure 2.
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SMA ring

Figure 2. Geometry of both rings at different temperatures: (a) before stretching of the SMA ring in martensitic state at constant temperature
inner and outer radii are ap and by; (b) geometry of both rings at ambient temperature T, after stretching and unloading of the SMA ring. The SMA
ring is in martensitic and widened state a;>d,>a,, (c) at temperature T¢ the rings touch each other; (d) the SMA ring transformation to austenite
is finished at temperature Tse. Large stresses occur in both rings; (e) rings are cooled down to the end temperature T4, Which can be equal to

the ambient temperature T.

The state before the stretching—unloading cycle in the
martensite condition at ambient temperature 7 is taken
as the reference state in the SMA ring (Figure 2a).
In this state all strains are zero. After the
stretching—unloading cycle in the martensite condition,
the inner and outer radii of the SMA ring at ambient
temperature T are a; and b, (Figure 2b). The reference
state in the steel ring is at ambient temperature 7y, when
the inner and outer radii are ¢o and d, (Figure 2b).
The inelastic normal circular strains eij(l) at inner and
outer radii @y and by before retransformation to
austenite are:

iel _apr—ap

£g0(@0) = e (14)
i by — by

8;(1)(170) = b—o' (15)

The inelastic strains defined in Equations (14)
and (15) can be recovered, if heated above temperature
Ay, i.e., during free recovery. These two values must be
known, if one wants to model constrained recovery in
SMA rings. Commercial NiggTizgNbjy; SMA rings
in widened state (radii a; and b,) are available in
the market. Since radii ag and by are not known, they
can be obtained, if the SMA ring is heated above
temperature 4y and then cooled down to ambient
temperature 7Ty.

In the first temperature region To<T7T<As two
material constants Ay; and o, which are needed in the

mathematical model, are determined from Equations (8)
and (9).

Temperature Region 7)< T< Ag

Both rings extend during heating and the recovery in
the SMA ring from martensite to austenite has not
started yet. It is assumed that the stress state in both
rings is zero. This is not entirely true since in the SMA
ring after loading—unloading cycle some residual stresses
must be present. As there is not enough data about the
loading—unloading cycle and for reasons of simplicity,
these stresses are neglected. The total radial and circular
strains ¢, and ¢, in an SMA ring can be obtained from
Equations (6)—(9):

. 0
ec(r; T) = &5(r) + as(T — Tp) =§ (16)
&(r; T) = Ambo(r)(a — 1) + as(T — To)
. el _ _u
e T) = eg(r) +as(T — To) =~ an

ep(r; T) = Améo(r)(1 + &) + as(T — To)

where &(r) is the initial mass fraction of stress-induced
or oriented martensite variants after the widening
process of the SMA ring, ag is the linear thermal
expansion coefficient of the SMA ring, and u is the
radial displacement in the SMA ring. Note that inelastic
strains in Equations (16) and (17) do not vary with
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temperature 7 in this region, since transformation to
austenite has not started yet. From Expressions (16)
and (17) one can deduce the following differential
equation:

(l-l—a)r%+2§o =0 (18)
§o(r) = K2/ (19)

where K is an unknown constant. According to
Equation (19), distribution of oriented martensite
variants in the SMA ring can be determined. It is
assumed that only at inner radius @y, the SMA ring
contains 100% oriented martensite variants, &y(ag)=1.
At all other radii the ring contains a mixture of austenite
or multi-variant martensite and oriented martensite,
&o(r)<1; r #aq. This assumption is correct in the case of
a thick-walled SMA ring when during the process of a
widening excessive loads would be needed for a structure
to be 100% oriented martensite throughout the SMA
ring (Videnic, 2004). The above considerations can be
written mathematically as:
ega(a0) = (1 +a) Kby = &(bo)

e (bo) = an(1 + @go(bo)  Kay " = 1.

Four unknowns Ay o, K, and &y(by) can be easily
determined from the above boundary conditions:

__ 2log(ao/bo) (20)
log| e (bo)/efao)]
 egplao)
= 1)
K= a(2)/(l+0l)- (22)
iel b
b = 2. (23)
8(p()(ao)

In this way the deformation and displacement state in
the SMA ring can be calculated from Equations (16)
and (17) since material constants Ay and o are known
from Equations (20) and (21). Deformation state in a
steel ring can be determined from simple expressions:

&l(r; T) = a(T — To) (24)
ey (r; T) = as(T — T) (25)

where oy is the linear thermal expansion coefficient of
the steel ring.

Temperature Region A< T<T¢

At temperature 4s the SMA ring starts to contract,
i.e., the process of the free recovery begins, while the
steel ring is extending. At temperature 7 the rings meet
each other. Depending upon the gap between SMA and
steel ring, contact temperature 7 falls anywhere
between temperatures Ag and Ap As in the previous

temperature region, the stress state is zero in both rings.
Using Equations (6)—(8), (13), (19), and (22), the
deformation state in the SMA ring is:

ag\2/(+a) Ag — T
el ) =it = D(7) o es(T—To).
(26)
ap\2/0+e) Ag — T
s T) = a1l +0)(7) b as(T = T,
@7)

As in the previous temperature region the deforma-
tion state in the steel ring can be calculated from
Equations (24) and (25). The contact temperature T¢
can be calculated from the condition of equal radii ac
and d¢ (Figure 2c) using Equations (25) and (27):

_ [0 =axTo)do — (1 + asTo)ao)(Ar — As) — m(1 + @) Arap
(Olsa() — (Xstd())(Af — As) — kM(l + Ol)a() ’

Tc

(28)

Temperature Region 7¢c < T< Tgg

From the temperature 7 onwards the SMA ring and
the steel ring are in contact, since the SMA ring wants to
shrink to the geometry before loading—unloading
process (Figure 2a). At the same time the steel ring
wants to expand and great stresses are generated in both
rings. The boundary condition of equal inner radius of
the SMA ring and outer radius of the steel ring,
a(T)=d(T), can be written as:

a(T) = dc + ag(T — Tc)dce

d (29)
5 (1= ) A = (14 v Budc’]
st

where Eg is the Young’s modulus of the steel ring, v
is the Poisson’s ratio of the steel ring, and Ay, By
are unknowns which vary with temperature 7. In
Equation (29) elastic strains are assumed in the steel
ring during the whole process of constrained recovery in
the SMA ring. Radial and circular stresses in the steel
ring can be therefore written as:

03'(r; T) = Au(T) + Bu(T)r ™. (30)
o3\ (r; T) = Ag(T) — Bo(T)r>. (31)

Unknowns Ay and By can be determined from
boundary conditions o}'(cc; T) =0 and of'(dc; T) =
—po(T) as:

d2
A(T) = —ﬁpg(T). (32)
¢~ ¢
CZ d2
By(T) = dQCiC,ZPO(T)- (33)
c ¢
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It should be noted that contact pressure po(7) between
both rings is not known yet. Unknowns (32) and (33) are
inserted into Equation (29) and then the expression for
circular strain in the SMA ring e (ap;T) = [a(T) — ao)/ao
can be written as:

ep(ap; T) = C1 + Co T+ Cior(ag; T) (34)

where the expression o,(ao;T) = —po(T) is considered and
constants C;, C,, and Cj are:

d d
Cl=(l-ayTo)=—1, C=ay—~, (35
ao ap

(1 = v)d + (1 + vy)cg de
(d& = ) Ea a’

Cy = (36)

Circular strain (34) can also be written, according to
Equation(6), as:

e(ao; T) = e (ao; T) + &5/ (ap; T)

a a
% a4
oTr ay; T orT ay; T (37)
1 <8o§,‘ oo )
+oas+— 5+~ Vs
Eg \ oT T T | .7

with Eg and vg the Young’s modulus and the Poisson’s
ratio of the SMA ring, respectively. It must be noted
that elastic stresses o and a;' are not true stresses
(0, and o, are true stresses) in the SMA ring.
The distinction between o and o originates from
theoretical treatment of uniaxial constrained recovery
proposed by Rudy Stalmans and his colleagues
(Stalmans et al., 1995, 1997). An infinitesimal tempera-
ture increase d7 induces a stress increase do and a
change of mass fraction of martensite & They achieved
this infinitesimal step from (7, o, &) to (T'+d7T, o +do,
&+d&) in two intermediate steps. The first step is a
temperature increase d7" at constant & which yields an
increase of the stress by do®. The second step is
unloading at constant temperature 7'+ d7. Similarly,
in the case of a biaxial constrained recovery in SMA
rings it can be written using Equation (9):

P el ao-el 9 el ) el 8061
c="e "0 T[T Tr) )

oT ~ T T T ' aT
doc! ooc!
_ $ _ _ r
C=m oT n oT (39)

with m and n as unknowns which can be determined
using Equations (38) and (39) and from Equations
o' = A+ Br?, af;} = A — Br2, and boundary condi-
tions 0!(ag; T) = —p(T) and o%(by; T) = 0:

r < by. (40)

b + ar?
) = 20 :
n(r) b(% — 72

agp <r < by. (41)

Expression (34) is differentiated with respect to
temperature 7 and then equated with Equation (37)
where Equations (40) and (41) are used:

& _
.7 Al +a)
do; Cln(ao) + Vsm(ao)]}
x| = +Cy—ag — .
{ oT,.r o Esm(ag)n(ao)
(42)

Using Equations (9), (13), and equilibrium equation
0, = rdo;/0r + oy it can be written that:

9o,
ardT|,, .7

%
oT

bl

“or

ap; T

1
- |:(l + a)ag ao:T—C:| Ay

(43)

Equations (42) and (43) can be equated and then
integrated with respect to temperature from 7¢ to 7.
Using boundary conditions aar/8r|a0;n= 0 and
or(ap; Tc) = 0, it can be written that:

30} CC3(Af— As)
1 = 2o — —2L TS Vo (ag; T
( + a)ao ar a();T+< * )"M(l + a) 7 (ao )

_ | A= 4s _ Cn(ag) + vsm(ap)
o C|:AM(1 + ) (C2 s Es  m(ag)n(ap) ) * 1i|

X (T— Tc).

(44)

There are two unknowns in Equation (44): do,/ 8r|ao:T
and o;(ag; T'), so other equations are needed to solve the
problem of plane constrained recovery in SMA rings.
Similar equation can be derived in the case of uniaxial
constrained recovery (Kosel and Videnic, 2007) where
such equation fully depicts the process and no additional
expressions are needed. It will be shown that the
Expression (44) represents one of the three boundary
conditions since it is valid only at the inner radius a, of
the SMA ring. At an arbitrary radius r, it is possible to
write a similar equation as Equation (37):

1
£, = % =il + 0 +as(T = To) + (UZI _ vso’fl)
Pu & 1 (3o 30!
= — au(l =4 r
ara7 — M( +a)8T+ES<8T s ) TS

82%- 1 azo-el 820,61
(14 o)—> 4= [ _ NN
+{ m + o)+ 5 (araT VS 9T

(45)
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Radial strain &(r; T) in the SMA ring can be
written as:

B 8u_ 1 ol ol

e =5 = (e = D§ +os(T— To)+E—S< ~ vso!)
Fu € 1 {80% 8061
— " - H= _ —p—2
aror — M@= Daptas+ 5 <8T ST

(46)

Expressions (45) and (46) can be equated and after
using (39)—(41), it is possible to write:

9% E Ch}
I+ a)yr——+2— = ks

ordoT 0T
1+ 1 —a—vs(1 +a)?
(L - o)
by +ar (b(Z) + a,,z)
Using Expressions (9), (13), and equilibrium equation
in differential equation (47) and after integration

with respect to temperature from 7¢ to 7T it can be
written that:

(47)

2
(1
Cz(Af — As)agmb%
)\.M(l + C()ES
14+ (1 —a— vs(l + )it
| G UL (70,
b+ ar (b(z) + a,,z)
(48)
In differential equation (48) conditions

o /or|, .7.= 0 and do;/ or|. =0 are considered since
zero stress state in the SMA ring at contact temperature
Tc is assumed. The solution of the above differential
equation is:

or(r; T)

Cz(Af _ As)(l““ b2
2ama(l +a)Es

X[(1 4 v$)12(r) + (1 — = v (1 + ) (DT = Tc)

Cz(Af As)al+ub2

+E(T)+ Ex(T)r+« +m

_ 2 2
o 1 vslnbg+(x)2+
o by +aag

x(T — Tc)r%

(1 —a—vs(1 +a))b(2)(a% — r2)
(5 + er?) (b + o)

49)

with I5(r) and I4(r) are known functions presented in the
Appendix and E(7T) and E5(7T) are unknown functions
that can be determined from boundary conditions.

Using the equilibrium equation, circular stress o, in

the SMA ring can easily be calculated as:

¢

o,(r; T)

CZ(Af _ As)ClH"bz
2ama(l + a)Es

+ (I — o —vs(1 + ) L(NI(T — Tc)

L[(1 +vs)D(r)

C (Ar — Ag)(1 — a)a‘*"‘bz
4ape2(1 + )’ Es

(1 —a—vs(l+ a))b%(a(z) - 1‘2)
(b3 + ar?) (b} + aad)

+E((T) + 12 Ex(T)rié

x [ 1= 1n b% +or’ +
« U p 4 aal
0 0

x(T = Tc)re,
(50)

Along with the boundary condition (44) it is possible
to write down two additional boundary conditions:

or(ao; T) = —po(T)

51
E(T) + Ex(T)ay /" 4 po(T) = 0 eb

c? (Af— As)alwbz
Dima(l +a)Es

X[(1+vs)r(ho) + (1 — = vs(1 +a))la(bo)]

C*(Ar— As)
4)»M0l2(1 + C()Es

B 2
5 [1 vs, (L+a)hy

2 2
a bi +aaj

(I—a—vs(1+)(b]—4)) (@>—
(1 + )b} (b3 +aad) a

X(T— Tc).

—2a
E\(T)+ Ex(T)by* =

X(T— Tc) —
or(bo; T)=0

(52)

Using Equation (49) in Equation (44) it is possible
to write:

2a/(l4a CC3(4;— A
20!EZ(T)%2 /e | (20! - W)PO(T)

A Ar—As _ Cn(ag) + vsm(ap)
B C[AM(I +a) <C2 ST Es mlag)n(ao) >+ 1]
X(T— Tc).
(53)
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Three unknowns E(T'), E5(T), and po(T) can be easily
determined from Equations (51)—(53) but are not written
here since the expressions are cumbersome. Effective
stress o.(r;T) in the SMA ring can be determined from
Equation (9) and martensite fraction &(r;7) from
Equation (13) using Equations (19) and (22):

aO)z/(1+o‘)Ue("§ T)— (T — 4p)

§05 7) = ( Uy

r

The temperature Tsg at which retransformation from
martensite to austenite during constrained recovery is
completed can be calculated from the condition
&(r;Tsg)=0. Since martensite fraction & is varying
with radius r, the temperature Tsg cannot be easily
determined. It can be shown that the retransformation
always ends first at outer radius r=5, while the
structure at other radii is still mixed (martensite
and austenite). According to this assumption it is
possible to write:

0.

2/(1+) )
. _ (% oe(bo; Tsg) — C(Tsg — Ap)
&(bo; Tsg) = (b()) CAr— As) =
(54)

Owing to simplicity, the temperature 7sg can be
calculated from Equation (54), but the expression is not
presented here since it is cumbersome. It should be noted
that real temperature Tsg is somewhat larger than the
one from Equation (54), since at all other radii the
structure is still a mixture of martensite and austenite.

In this way the stress—strain state in the SMA ring
during constrained recovery is determined. The stress—
strain state in the inner steel ring can also be determined
from Equations (29)—(33).

Temperature Region Tsg> T> Teyq

The temperature Tsg for a commercial NiggTisgNbyy
SMA ring is usually higher than 100°C. It means that
the system SMA ring — steel ring must be cooled down to
be used at temperature Tenq. In this temperature region,
both rings contract with decreasing temperature 7 since
transformation from austenite to martensite in the SMA
ring has not started yet. Radial and circular strains in
the SMA ring can be written as:

ou 1

o= = g (0 vs0y) Has(T—Ts)  (59)
u 1

o=t = (o= 50 Fos(T— Tae) (50

where stresses o, and o, are real stresses since there is no
phase transformation. Similarly as in the previous
temperature region, from Equations (55) and (56) and
using equilibrium equation it is possible to write:

o & o,
2 r [i
—0. 57
" arar T arar 7

Equation (57) can be integrated with respect to
temperature 7 from 7Tsg to T and after using
Equation (49) it is possible to write:

820 do, da -2
2 r r T —20
3 —_— = _—E I+a
or2 r or (1 )2 2( SE)r *

-2
Cz(Af — As)a(l)wbé
AMa(l + Ol)aEs

1—vs, bp+ar? (1—a—vs(1+a)bf(af—r?)
X n
o b% + oza(% (b% + ar2) (b% + aag)

L CYAp— AS)aTh?
X(Tsg — Tc)rme— (4 S)io 0
ama(l +a) Es

o |:(1 —vg)r (1 —a—vs(1+ a))bgrl%a

(Tse — To).
b(% +ar? (b% +otr2)2 :|

(58)
The solution of differential equation (58) is:
ou(r; T) = E4(T) + E3(T)r>

—2
C*(Ar— As)ay b}

el ) ¢ —(Tse — Tc)
2ma(l +a)’ Es

x|: L=vs iy lze—wdte (@)2

- 2 2 2
ar bi+aa; r

x (@11 — L) + (1 +a)(1 —a—vs(1 +a) (%)’ L(r)

SO 1) 41— )1+ o0

—b5(1+a)(1 —a—vs(1+a)5(r)

(1 —a—vs(1+a)bh3
b(2)+aa%

+15 15 () + (a(z)lé(r)—lz(r))}

+Ey(Tse)rte
(59)
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with 1,(r), I5(r), I5(r), Is(r), and I(r) are known functions
presented in the Appendix and E5(7), E4T) are
unknown functions that can be determined from
boundary conditions.

The circular stress in the SMA ring can be derived
from equilibrium equation and (59) as:

2

C2(Af — As)alowb(z)
2ama(l +a)’ Es

—a—vs(l +a) (@)2

2 2
by +aag r

0y(r: T) = E4(T) — Es(T)r —

1—v 1
X(Tsg — Tc)|: arzsll(r)—i—

s (1) — I5(9) — (1 +a)(1 — a — vs(1 +a)) () Lu(r)

+(1_”5r)¢13(r)+(1 —vs)(1 +a)(r)

LY

~b3(1 o)1 — o= vs(1 +e) () +—

(1—a—vs(1 +a))bg
b§ + aag

(agls(r) — 12(7))}

1 - —2a
aEz(TSE)I’ﬁ.

+1+a

(60)
Two of the three boundary conditions can be easily
written as:

or(ap; T) = —po(T)

(61)
E«(T) + E3x(T)ay* + po(T) = Ez(TSE)aaza/Ha
or(bo; T)
C*(Ar— A a'i*_z“‘b2
EiT)+ Ex(T)by? = (A — As)ay U(Tsg — Tc)

2ima(l + @)’ Es
1 —vg l—a—vs(l+a)
TS ) — XU T
X|: ab] 1(bo) b§ + aag
x (aglo(bo) — I3(by))
+(1 +a)(1 —a—vs(1 +a))la(by)

—0 _
_Wh(bo) + (1 —vs)(1 +a)Lx(ho)
0

—B3(1+a)(1 —a — vs(1 + )5 (bo)

(1 —a—vs(1 +a))b]
I5(b
o s(bo)+ b} + o}

— Vg

1
+

x (a3 16(bo) — Iz(bo))} - Ez(TSE)bg%~
(62)

The SMA ring and the steel ring are still in contact
and Equation (34) is valid. Equations (34) and (56)

are differentiated with respect to temperature 7, and
then equated. After using equilibrium equation, the
integration with respect to temperature 7 from Tsg to T'
can be carried out and then after inserting Equations
(49) and (59), the third boundary condition can be
written as:

2457 Ex(T) + (1 — C3Es — vs)po(T)
= (1 = CG3Es — vs)po(Tsg) — Es(Cy — as)(T — TsE).
(63)

Three unknowns E3(7), E4(T), and po(T) can be easily
determined from boundary conditions (61)—(63) but are
not written here since expressions are even more
cumbersome than unknowns E(7), E»(T), and po(T) in
the previous temperature region.

The stress—strain state in the SMA ring is now
determined in all four temperature regions. The stress—
strain state in the inner steel ring can be determined
from Equations (29)—(33) as in the previous temperature
region.

SOME NUMERICAL EXAMPLES AND
EXPERIMENTAL RESULTS

The numerical values for SMA material parameters
are based on values given by the company, Intrinsic
Devices Inc., San Francisco. Some material parameters
are approximate, for instance the Young’s modulus of
martensite, the Poisson’s ratios, and the linear thermal
expansion coefficients. For the sake of simplicity, in the
current approach a constant value for Young’s modulus
Es was chosen for both phases (martensite and
austenite). The Young’s modulus for steel was measured
on the Zwick Z050 tensile test machine and the other
steel material parameters are taken from materials
science handbooks. The radii of both the rings were
measured on the digital electronic automation (DEA)
coordinate measuring machine (error + 2 um). The input
values are presented in Table 1.

At temperature Ag, free recovery from martensite to
austenite in the SMA ring begins. The inner radius of the
SMA ring wants to shrink from «, to a,. Since the outer
radius of the steel ring d, is bigger than a, both rings
contact each other at temperature 7 and the process of
constrained recovery begins. The retransformation ends
at temperature Tsg, which is well above Ay The system
is then cooled down to the end temperature T,,q, Which
will in this case be equal to the ambient temperature 7.
In order to perform calculations, a computer program
was written in Fortran. It should be noted that the
program is simple since all equations needed for
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Table 1. Input values for numerical calculation of constrained recovery.

ap=9.143mm bo=16.08 mm a;=9.712mm by =16.515mm
co=7.2135mm dy=9.2995 mm As=50°C A;=80°C
To= Teng=20°C ag=1.1x10"°K™' det=1.15x 107K~ C=5.5MPa/K
vt =0.3 vs=0.3 E4=195 GPa Es=30 GPa
Table 2. Some results of numerical calculation.
&'(ap)=0.06223 &l(b) = 0.02705 o= 0.35535 m=0.04592
m(ag) =1.685 n(ap) =3.295 Tc=71.73°C Tse=119.7°C
E4(Tsg) =340.79 MPa E»(Tsg) = —1445 Nmm~2/(1+) £(ao; Tsg) = 0.1445 &(ho;Tsg) =0

po(Tsg) = 112.03MPa
Po(Tona) = 111.29 MPa

a(Tsg) = d(Tsg) =9.2903 mm
a(Teng) = d(Teng) =9.280 mm

C(TSE) =7.201 mm
¢(Teng) =7.193mm

Eg(Tong) =91.63N
Ea(Tonq) = 340.44 MPa

calculation are written in a closed form (but not finite, as
can be seen in the Appendix). Some results of numerical
calculation are presented in Table 2.

From this table, it can be seen that the stress state at
temperature Tsg 1S very similar as at the temperature
Tena even though the difference is almost 100°C (linear
thermal expansion coefficients of both materials o and
ag are similar). Of course, the strain state in the rings is
not similar at both temperatures, since rings contract
during cooling from Tsg to T.nq. Figures 3—5 show the
distribution of normal radial, circular, and effective
stresses in both rings at temperatures 7Tsg and Tepq.

From these figures it can be seen that the functions of
stresses are equal for both temperatures Tsg and Tepg,
since contact pressure po(7Tsg) ~ po(Tenq) and the stress
state in both rings are very similar. If linear thermal
expansion coefficients of both materials are similar,
there is no need to calculate stresses at temperature Te,qg
from Equations (59) and (60) which are much more
complicated than Equations (49) and (50) from which
the stress state at temperature 7Tsg can be calculated.
The effective stress in the steel ring in Figure 5 is
calculated from Tresca equation of' = —a7.

Figure 6 shows the relationship between contact
pressure po(Tenq) and outer radius d, of the steel ring
and between temperature 7sg and outer radius d,. Both
relationships are linear, all input data are from Table 1
except radius dy.

If radius d, is equal to radius @, no constrained
recovery occurs, and if radius d, is equal to ay,
constrained recovery starts at temperature Ag and
maximum possible stresses are generated. It is well
known from literature (Borden, 1990; Proft and
Duerig 1990) and experiments presented later in this
work also confirm it, that relationships in Figure 6
are not linear in the whole range since from a specific
radius dy (or from specific contact strain) onwards
the contact pressure po and temperature Tsg are more
or less constant. In the commercial brochure of
Intrinsic Devices Inc. the instruction is that their
rings have to be heated up to 165°C for maximum

g

=

© -60

g o0 A\ ~
B 120 A

Radius of steel ring and SMA ring (mm)

Figure 3. Distribution of normal radial stress o, in both rings at
temperatures Tse and Tepg.
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Figure 4. Distribution of normal circular stress o, in both rings at
temperatures Tse and Tepg.
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N
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Stress o, (MPa)

Figure 5. Distribution of effective stress o, in both rings at
temperatures Tseg and Tepg.

stresses to be generated. This is roughly in agreement
with the results in Figure 6.

The relationships between mass fraction of oriented
martensite £ and radius of the SMA ring at two different
temperatures Ag and Tsg are presented in Figure 7.
All input data are again from Table 1. As already noted,
the structure of the SMA ring at temperature Ag is
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Figure 6. Contact pressure po at temperature Te,q and temperature
Tse versus outer radius dp.
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Figure 7. Mass fraction of oriented martensite ¢ at the start of free
recovery (temperature As) and at the end of constrained recovery
(temperature Tsg) in the SMA ring.
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assumed not to be 100%-oriented martensite since
excessive stresses would be needed in the case of thick-
walled SMA rings during the ‘widening’ process.
Therefore only at inner radius @, the structure is
assumed to be 100%-oriented martensite. For simplicity
reasons, the temperature Tsg at the end of constrained
recovery process is calculated from the condition that at
outer radius by the structure is 100%-austenite.
The structure at all other radii is therefore a mixture
of martensite and austenite as can be clearly seen
in Figure 7.

It is essential for any mathematical model to be
verified by experiments. Therefore, constrained recovery
was measured in six commercial NiggTisgNb;y SMA
rings. One SMA ring was subjected to free recovery to
obtain the data necessary for mathematical modeling.
Six steel rings were used as mechanical obstacles. High
quality steel was used (ISO: 36CrNiMo6,3,6) since only
elastic deformations are considered in the model.
The Young’s modulus and yield stress of three steel
specimens were measured on ZWICK Z050 tensile test
machine. The value of steel Young’s modulus is 195 GPa
and yield stress is 970 MPa, which is well above the

Table 3. Material properties of SMA rings.

M} =-80°C MP=-130°C  A2=-70°C A?=0°C
As=50°C A;=80°C Epn=68 GPa  oy=480MPa
ag=1.1x10°K" v5=0.3 Myq=15°C C=5.5MPa/K

maximal effective stress in steel ring
o3'(co; Tsp) =562.5MPa from Figure 5. This means
that the assumption of elastic strains in the steel ring is
reasonable. The Poisson’s ratio and linear thermal
expansion coefficient of steel, which are used in the
analytical model are taken from materials science
handbook: v, =0.3 and o, =1.15x 107 K~ L.

The material properties of SMA rings are presented in
Table 3 and were provided by Intrinsic Devices Inc.

The austenite start and finish temperatures A% and
A(f) are values of intact NiTiNb material. Using special
pre-deformation treatment in the martensitic or stress-
induced transformation temperature range (compared
to the original 49) these temperatures are shifted to
As and Ap so that this material can be used at
ambient temperatures (Melton et al., 1986). The
pre-deformation relaxes the stored elastic strain
energy in multi-variants martensites, and results in
the increase of Ag and Ay (Piao et al., 1993). After the
first temperature cycle, Ag and A; are returned to
original temperatures A2 and A?. The value of the
Young’s modulus of martensite Ey was not available,
but it is well known (Borden, 1991) that it can be as
low as 20 GPa. The Young’s modulus of austenite Ex
was measured on intact (no special pre-deformation
treatment) NiggTisgNbyy wire specimens (diameter
4.54 mm) at temperature 20°C on ZWICK Z050 tensile
test machine: E4 =68 GPa. In the mathematical model,
the constant value of Young’s modulus was chosen to
be Eg=30 GPa. This value is closer to Ey, since during
constrained recovery the austenite part of the material
is not contracting but actually extending. In this way
the influence of E4 is relatively smaller than Ey; and
value Eg is chosen closer to the martensite value.
One SMA ring (a;=9.7015mm and b;=16.515mm,
martensite structure) was heated in teflon oil to
temperature 89°C for 10min and then cooled down
to ambient temperature 7,=20°C. No mechanical
obstacle (steel ring) was used during this temperature
cycle (free recovery). The inner and outer radii of SMA
ring ay and b, were measured at 7|, (austenite structure)
by the DEA coordinate measuring machine:
ap=9.143mm and by=16.08mm. These values are
used in the model as radii before the ‘widening’
process. Dimensions of six SMA rings and six steel
rings, which were measured by the DEA coordinate
measuring machine and used in the modeling process
of constrained recovery are shown in Table 4.

The outer radius of the steel ring d, in the table was
chosen to contact the SMA ring at different contact
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Table 4. Dimensions of SMA and steel rings.

a, (mm) by (mm) Co (mm) do (mm)
1 9.7015 16.514 8.285 9.2035
2 9.7165 16.5155 7.7205 9.252
3 9.711 16.516 7.2145 9.302
4 9.712 16.5145 7.2135 9.2995
5 9.707 16.515 6.9795 9.3525
6 9.708 16.5155 6.999 9.4035

Table 5. Theoretical and experimental values of inner
diameter 2c and radial displacements at inner diameter
2u®! of steel rings.

2cthe, 2cR 2uie  2ud, Error
Tc (°C) (mm) (mm) (nm) (nm) (%)
1 76.73 16.538 16.532 -32 —-38 —-15.8
2 74.28 15.403 15.403 —-38 —-38 0
3 71.58 14.387 14.390 —42 -39 7.7
4 71.73 14.386 14.385 —41 —42 —2.4
5 68.84 13.910 13.919 —49 —40 22.5
6 66.15 13.937 13.954 —61 —44 38.6

temperatures 7. The width of all SMA and steel rings
was the same: 13.75mm. Since biaxial stress state is
assumed, the width has no influence on results.

The system SMA ring — steel ring was heated in teflon
oil few degrees above calculated temperature Tsg for
10min and then cooled down to the end temperature
which was equal to the ambient temperature:
Tena=Top=20°C. The inner diameters of the steel ring
2ceng Were measured then by the DEA coordinate
measuring machine (error =2 pum) and were also calcu-
lated numerically (Table 5). The input data for
numerical calculation were selected from Tables 1, 3,
and 4.

The theoretical radial displacement u} . at inner radius
¢o in Table 5 is calculated from the expression
ul, =ch® — ¢y and the measured one from the
expression ul, = c;f — ¢o. The error presented in the
table is calculated using the expression err = 100
(e — Ugyp)/ 13, Figure 8 presents the relationship
between the theoretical and experimental contact
pressures at temperature 7.,q and the outer radii of
steel rings dy. The experimental contact pressures were
not measured but were calculated from the measured
radial displacements uf, from Table 5. Some other
calculated values are presented in Table 6. Contact
pressures po(7Tsg) in this table were calculated from
theory, while the last two columns are contact pressures
at temperature T7T.,q for theory and experiment,
respectively.

From Figure 8 and Table 6 it can be clearly seen that
the comparison between theory and experiment shows a
good agreement for the first four examples when stresses

N

o

o
L

150 |

] Experiment
100 -

Contact pressure pg (Tend) (MPa)
[6)]
o

0 : : : :
9.20 9.25 9.30 9.35 9.40 9.45

Outer radius of steel ring d (mm)

Figure 8. Experimental and theoretical values of contact pressure
versus outer radius d, of steel rings.

Table 6. Calculated values of some characteristic
properties of constrained recovery.

Tse 0e(Tse) 62'(Tse) Po(Tse) Po(Tend) Po(Tend)
(°CO) ¢&(ap;Tsg) (MPa) (MPa) (MPa) (MPa) (MPa) exp

1 9296 0.0477 79.16 380.83 36.11 35.76 42.37
2 105.76 0.0957 157.46 48192 73.17 72.63 72.82

3 120.44 0.1468 246.67 572.05 113.97 113.22 104.95
4 119.70 0.1445 24220 562.54 112.03 11129 112.99
5 134.93 0.1969 334.63 694.77 153.92 15296  123.72
6 148.15 0.2448 411.39 852.24 191.22 190.06 136.62

are lower. In the model, plastic strains are neglected in
SMA rings, but at higher stresses this assumption is not
good enough. For instance, instead of Equation (45) at
higher stresses it should be written for circular strain in
SMA rings that:

u 1
gg=—= )\M(l —i—(x)E—i—as(T— T()) +E—S <O';l _ VSO'SI) +£Bl

r o
(64)

where sgl is the plastic circular strain. Effective stresses
ocand o3 in Table 6 are the maximal ones (at inner radii
ap and c¢g, respectively). All six values of maximum
effective stresses oS! in steel are below the yield stress
(970 MPa) and an assumption of elastic stress—strain
state is justified. Even though effective stresses o, in
SMA rings for the fifth and sixth examples are smaller
than yield stress in Table 3, plastic strains may occur
since yield stress defined in Table 3 is for austenite.
The martensite yield stress for the tested SMA material
should be smaller but was not available in literature.

CONCLUSIONS

A mathematical model for the analysis of
the process of a biaxial constrained recovery in
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thick-walled SMA ring was presented. The theory of
generalized plasticity was used in modeling and as a
mechanical obstacle causing constrained recovery in
SMA ring, a steel ring was used. Final equations for
stresses in a SMA ring are written in a closed form,
but even though some simplifications were made, they
cannot be written in a finite form. A mathematical
model was verified by experiments and agreement is
good for lower stresses when the SMA ring is in the
elastic domain. When stresses are higher, unrecover-
able processes occur in the SMA ring but these were
neglected in the mathematical model. In future,
it would be interesting to consider plastic strains
in the SMA ring, Drucker—Prager effective stress

APPENDIX

873

(Lubliner and Auricchio, 1996) instead of modified
Tresca effective stress (9), exponential flow rule
(Auricchio, 1995; Lubliner and Auricchio, 1996)
instead of linear flow rule (11), and varying
Young’s modulus during retransformation from mar-
tensite to austenite instead of a constant value Eg
which was used in the present work.
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In the expressions for radial and circular stresses in the SMA ring (49), (50), (59), and (60) seven integrals can be
found, which can be solved, using the theorem of Chebyshev, in a closed and infinite form. Fortunately all these

functions converge quite fast so that good results are obtained if first 15 terms in series (k=0,...,

The integrals are:

14) are applied.
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11(}") f o bz
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